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Problem formulation

» Benamou-Brenier’s formulation [1] is given by :

1
inimi ,f)dtd
B Sy 100

i iff >0,
subject to  J(m,f) =40 if (m,f) = (0,0) ,

) otherwise

(mrf) € CO

CO = { (m/f)/ at,f+dlvx(m) = 0/ m(O/ ) = m(lr) = Or f(ro) szI f(/ 1) :fl }
> Changed variables (v, f) — (m,f) to obtain convexity.
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Problem discretization: Staggered grids G*, G'
» We describe the case (x,t) € [0,1] X [0, 1] for simplicity.
Ge={(x;i=i/N,t;=j/P)€[0,1’; 0<i<N,0<j<P}
G:={(xi = (i +1/2)/N,t;=j/P) ; -1 <i<N,0<j <P},
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Figure 1: Centered and Staggered Grids
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Discretized operators

1. Interpolator (G, G¥) — G.:

mij = (M1 +1mj)/2,

;= _ i}
fij = (fij+fij)/2.

2. Boundary operator (acting on staggered grid):

o) = (11, n,)_ o (ir )y

3. Divergence operator:
diV(U)i,]' = N(ﬁ’l,‘l]‘ - 1’7’[,'_1,]‘) + P(]?i,j _]?i,j—l)-

4. Abbreviate conditions with AU = (div(U), b(U)) and
=(0,0,0,°,f!) so that AU = y.
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Discretized objective

mgﬁengsze kez@]a(um +1c(U)

with
C={UcegGs; div(l) =0 and b(U) = by}

now becomes

ey e ey

with the new set constraint
Cse={z=(UV)e&EXE : V=T
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Intro to Proximal algorithms

> Given a closed, proper convex, |.s.c. function f : H — R.

minimize X
e f(x)

> (Sub)-Gradient descent does x¢.1 = x; — yIf (x;).
> Can we do better if we know structure of f?

ie.  f(x)= Z fitxj) +8(x), f(x) =g(x) + h(x)
j

> Proximal operator: Prox;, (x) = argmin, .4 f(z) + 35 llx - zI/*.
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Understanding the Proximal operator

> Intuition: Minimize f while staying close to a given point.

» Proximal operator can be thought of as implicit gradient descent:
Prox, ¢(x) = (I + ydf) ™ (x)

> The update x;1 = Prox, s(x;) = xi11 = X — YIf (x141)-

> x = Prox,s(x) < xis a minimizer.

> (I+ydf)~" is known as the Resolvent R, j in the broader context
of monotone operators. For our purposes, R, 5 = Prox,y.

v

C, 0 = 2R, 9 — I = 2Prox,s —I is called the Cayley operator [4].
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Proximal mappings

minimize Gi(z) + Ga(z)
zeH

> CW;G2 (x) = 2Prox,,, (x) — x.

Theorem
0 € (G + G2)(x) = dG1(x) + dGa(x) if and only if C, 5¢, © C, 5¢,(2) = z
where x = Prox, c,(z). [3]
> For f closed, proper convex, C, g, © C, s, iS non-expansive.
» Banach fixed point convergence is not ensured. (Consider
rotations or x — —x).

» What to do?

8/25



Douglas-Rachford lteration

minimize Gi(z) + G2(2)
zeH

» Consider the average operator % (I+ Cyg, © Cyg,) instead of

Cag, © Cac,. Same fixed points, but obtain convergence at rate
1/k [3]

> In the language of proximal operators, this amounts to

Zk+1 = Zr + PI‘OX),Gl (2xk+1 — Zk) — Xk

Xk+1 = PrOX)/Gz (zx+1)

Yields (zx, xx) € H? with x; — x*.
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Proximal operators for Benamou-Brenier

» Asymmetric Douglas-Rachford (A-DR)

inimi Vv u uv
g inimize, kez@f< ) + te(U) + e, (U, V)
Go

G

» Can obtain another version swapping the roles of G; and G,.
» Symmetric Douglas-Rachford (S-DR)

minimize Y W) + 16 + 10, (T, V) + yuegv=iy
(LI, v, U, V) S (85, SC)Z keG-. ————
Gy

G1
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ADMM and DR

» We can cast the problem to have the form

min Y J(V)+ (V) = ) J(V)+( 1y 0A)(V)
keG. keG. —
~— G
F

With dual problem given by
max —F'(—A*z) — G*'(z) = min F'(-A"z) + G'(2)
2€G; Z€G;

0 N——— N —

(;2 (;1
» Applying Douglas-Rachford to this
Ser1 = ProXpo-ay (=A% — ),
Ges1 = Proxgy (=A*spa + ug) which is ADMM

Uerr = ue+ (A1 — Ges1)
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Primal Dual for Benamou-Brenier

minimize Gi(z) + Gy 0 A(2)
zeH

> In the context of Benamou-Brenier:
G2 = Z](mk,fk), A= I, G1 = lC-
> We iteratively compute a sequence (U®, Y®, V) via

VD = Prox - (VO + 1(YD))
ut*h = Prox, (VO - (V)
YO = ) 4 g+ — g

» Can be seen as a preconditioned ADMM [2] with U™ — U*.

> 9 represents Fenchel conjugate function.
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Proximal operators for Benamou-Brenier

> Proximal of indicator is projection onto set: Prox,, = Proj..
Proj, = (I - A(AA") HA) ™ + A"(AA") y
Proj, = (I+I"1)™(U+I(V))
> Proxg,? G1 = ). J(my, fx) + t¢ The function is separable!
Proxg, (U, V) = (Proj,(U), Prox;(Vi)res.)

> Finally, need to compute Prox,;(Vi):

Prox,; (i, f) = {(f*+7 f*) iff* >0

(0,0) otherwise

and f* largest real root of P(x) = (x = f)(x + ) - % l|* = 0.
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Generalized Objective

TyW) = Y sl fi)
keG.
WEiff >0
where Jy(m,f) =30 if (m,f) = (0,0)

00 otherwise

> w = (Wi)reg. Weights in R, U {oo}, which are both time and space
dependent
> Obijective remains convex for 8 € [0, 1]
> For g =1, corresponds to L2-Wasserstein Metric

> For g =0, corresponds to H~! Sobolev Metric
> Linear Interpolation of metrics for g € (0,1)
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Gaussian Mixture Model, g =1
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Gaussian Mixture Model, § =0
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Gaussian Mixture Model, g = 1/2
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Gaussian Mixture Model

Mixed Gaussian W2 Convergence
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Corners Dataset
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Corners Dataset
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Swirl Dataset
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Swirl Dataset

Swirl W2 Convergence
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Maze




Maze
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